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Abstract:

Diophantine equations.Some are of the form 2(3)+ 5(7y) +11:z2 for
non negative x,y and z we also investigate solutions ofthe

In this paper, we will find the solutions of many

Diophantine equation 2(X+3) +11(3y) —I= z2 for non negative x,y
and z and finally, westudy the Diophantine equations (k!xk)" =
(n!xn)* and (%)" = (";!)" where k and n are positive integers. We
show that the first one holds if and only if k=n and the second one
holds if and only if k=n or (k,n) =(1,2),(2,1).We also investigate
Diophantine equation u! +Vv! =u¥and u! —Vv! = u".
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I.INTRODUCTION

In 1844, Catalan [3] conjectured that (a,b,x,y)= (3,2,2,3)
is the unique solution for the exponential Diophantine

equation &% Y=1, (ab.x.y) 'N* and min{abx,y}>1.
The proof of conjecture is due to Mihailescu[5] in
2004.In 2011, Suvarnamani [5] found all-non negative

integer solution of the Diophantine equation 2%+ py: 22.

In 2012, Chotchaisthit[4] ,using this theorem, found all

the solutions for the Diophantine 4+ p’= 22. In 2014,

Yahui Yu and Xiaoxue Li[8] investigated solutions of

equations of the type 2+ Y= cz, X,y,z in N,where b and ¢

are fixed coprime positive integers with min(b,c) 1.
Motivated by all these papers, In 2017, Idir Sadani[6]

found the unique solution for the Diophantine equation

20*2) 17(3Y) + 11= 72. we tried to find the solutions of the
Diophantine equations for another equations 2(X+3) +11(3y)

1= 2 and 235 + 5(7Y) +11=22

Also, we will establish with four new closely related
Diophantine equations involving factorials.

Our work has been greatly encouraged and motivated by
interesting results proved by [1] and [2]. They proved the
results k™xn! =nfx k! .k, neN [ 1], (kD" + k" = (n!)* + n® and
(k)" — k" = (nhk — nk [2].Here ,we study following
multiplicative counterparts of (Theorem 2.1, Theorem 2.2
of [2] ) (KIxk)" = (nixn)¥ and ()" = () .We present all
positive integer solutions (k,n) of these equations. At last,
we also study the properties of Diophantine equation u! + v!
=uwandul —v! =u.

I.MAIN THEOREMS

Theorem 2.1. The Diophantine equation 2(3X)+ 5(7y) +
11=2° has solution {(2,1,8),(3,1,10)} .
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Proof. Let x,y be non negative integers and z be a non

negative even integer such that 2(3X)+ 5(7y) + 11:22 . We
need to consider several cases:

Case 1. If y = 0, then we have 2(3X) +16 = zZ.Now, z
being even, so z = 2k or positive k. Hence 2(3X) = 22—16 =
a2-16This gives 23%) = O(modd)which
contradiction.

Case 2. Put y=1, then we have 2(3X) + 46 = z2 .Now,
when x=1, there will be no such (x,z) possible. When x=2,
the solution set is (X,2)=(2,8)

when x=3, the solution set is (x,2)= (3,10) as 3(2.3*1-1)
=(z-7)(z+7) gives z-7 =3 and so z=10 since 2.3*-1is
prime .Also 1.(2.3*-3)=(z+7)(z-7) ,hence z—7=1 gives z=8
and 2.3*-3= z+7 gives x=2 at z=8.Similarly when x>3, 2.3
-1 isnon prime.

Case 3. Now, we will prove that y=1 is the unique value.

We have 2(3)+ 5(7Y) +11=22. S0 2(3% + 1) +5(7 +1) = 22
— 4, Now asz° — 4 is even, hence 23 + 1) +5(7 +1) = 2%

+ 2Cd, this gives 7Y +1=2% which gives a unique value of
y=1. If y=0, then its not possible.Hence the solution of the
Diophantine  equation 2(3X)+ 5(7y) + 11:z2 is
{(2,1,8),(3,1,10)} .

Corollary 2.1. (2,1,2) is a unique non negative integra

is a

solution (X, y,t) for the Diophantine equation 2(3X)+ 5(7y) +

11=t6 ,where X,y and z are non negative integers.
Proof. Obvious.

Theorem 2.2. The Diophantine equation 2(X+3) +11(3y)

-1= 22 has a unique solution given by (x,y,z) =(2,1,8).
Proof. Let x and y be the non negative integers and z be
2

an even integer such that 2(X+3) +11(3y) -1=z".

We consider several cases:

Case 1. If y=0, Then, 2(X+3) +10= zz.lf we take z=2k,
we obtain 25452 22 But 27 ~g(mod2) which
contradicts 2(X+2) +5= 2k2.

5 .2

Case 2. If y=1, then, 2(X+3) + 27= z". The solution of
this equation is (2,8)([7], Theorem?2.2).Hence the solution to
our equation is (2,1,8).

Case 3. If
+11(3)-1=8(2%+1)+11(3 +1)-20 = 2.

Now, as 72 +20 is even, so 8(2%+1)+11(3Y+1)= 2c
+2kd.Then we deduce that j=3 and 1+3Y= 2k.The unique

solution for the equation 1+3Y= 2k is (y,k)=(1,2). Hence
(2,1,8) isthe unique solution.

20c+3)

y>1, we have
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Corollary 2.2. (2,1,2) is the unique non negative
integral solution (x,y,t) for the Diophantine equation 2(X+3)
+11(3y) -1= t6 ,where x,y,t are non negative integers.

Theorem 2.3. Let n and k be positive integers. The
equation

(k!xk)" = (n!xn)k holds if and only if n=k.

Proof. We may show that above equation implies k=n.
By symmetry,

We may assume that n>k.We consider three cases:

Case 1. k =1.Then n!xn=1.This gives n=1.

Case 2. k =2.Then (n!xn)? =4" or n!xn = 2",

Now we have n = 22 for some a>1. So we obtain 2™ =
n!.

Now if n>3, L.H.S is not divisible by 3,but R.H.S is
divisible by 3.S0 n=2.

Case 3. k>3.From ([2],Theorem 2.2 ) ,we have kK |n* ,
kk>nk and n=bk for b>1.

Now wehavek"| n* = (nh)| (k!)"So (nh)*> (k)"

Hence ( (bk) D% >(k!)® Which isfalse.So b=1 and k=n.

Theorem 2.4. Let n and k be positive integers. The
equation

" = ()* holds if and only if k=n or (kn)
=(1,2),(2,1).

Proof. Obvioudy if k=n or (k,n) =(1,2),(2,1),then the
above eguation is valid. Next we show that if above
equation holds with k<n, then we obtain (k,n)=(1,2).We
distinguish three cases.

Case 1. k =1.Then above eguation reduces to n!=n,
which givesn=1,2.

Case 2. k=2 . Same as ahove. Also, no solution for n>2.

Case 3. k>3. We have (n)¥ > (k!)" and — nk > —
k".[(2),Theorem 2.1] .

So we have (%)” > (n;!)" .Hence proof is complete.

Theorem 2.5. For naturals u and v, u! + v! =u" holds
only when (u,v)=(2,2) , (2,3).

Proof. If (uv)=(1,1) result will not hold. Whereas if
(uv)=(2,2) , (2,3).Result holds.

We will now show that result does not hold for u>3,v>3.

If uand v are equal,then 2x ul = uY, which is not
possible for any u>3.

If u>v>3, thenu! +v! =u¥
. ! v v_ 1
gives= +1==  s0 1= === Now for u>v>3,
v! v! v!

Hence we get 1<1, not possible.

Hence, For naturals u and v, ul + v! =u" holds only when
(uv)=(2,2) , (2,3).

Theorem 2.6. For naturals u and v, u! — v! =u" has no
solution

Proof. Let u! — v! =u'. So 1= ——< lorl=

: v
1,which is not possible for any naturals u and v.Hence, for
naturals u and v, u! — v! =u" has no solution.

uV-u!

<1.

v!

ul-uv ul-u?

[11. CONCLUSION

We solved many Diophantine equations . The eguation
(k!xk)" = (n!xn)k has solution for n=k where n and k are
positive integers.Similarly, The equation (%)"= (%!)k holds
if and only if k=n or (k,n) =(1,2),(2,1) where n and k are
positive integers.Also, For positive integers u and v, u! + v!
=u" holds only when (u,v)=(2,2) , (2,3) and u! — v! =u" has

no solution. Also the equations 2(3X)+ 5(7y) + 11=z2 has
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two solution {(2,1,8),(3,1,10)}and the equation 2(X+3)

+11(3y) -1= z2 has a unique solution given by (x,y,z) =
(2,1,8).

IV.APPLICATIONS OF DIOPHANTINE EQUATIONS

Diophantine equations can be reduced modulo primes ad
then occurs in coding theory and cryptography. For example
,liptic curve cryptography is based on doing calculationsin
Galois theory for Diophantine equation of degree 3 in two
variables. Morever Diophantine equations are extensively
useful in agebric topology and algebraic geometry in the
way of analogy existing between Diophantine equations and
geometry of complex numbers. Likewise there is a deep
connection of representation theory of Lie groups and
number theory.

It is useful too in dynamics through small approximations
and in chemistry through balancing chemical eguations.
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